COMPOSITE MATERIALS PROF. R. VELMURUGAN

Lecture 19

Module 111 - Micro-mechanics of Lamina

Micro-mechanics of Lamina

Micromechanics deals with the study of composite material behaviour in terms of the
interaction of its constituents. From the procedures of micromechanics lamina properties can be
predicted. There are two basic approaches of the micromechanics of composite materials, namely
(i) Mechanics of materials and (ii) Elasticity

Here, the mechanics of materials approach will be followed.

Volume Fractions:

Consider a composite material that consists of fibers and matrix material. The volume of the
composite material is equal to the sum of the volume of the fibers and the volume of the matrix.
Therefore,

Ve = Vf + U (3.142)
where, v¢ - volume of composite material

v¢ - volume of fiber

Vi - Volume of matrix

Let, the fiber volume fraction ¥ and the matrix volume fraction Vi be defined as

Vf =— and (3.143)

VvV, =—" (3.144)
VC

such that the sum of volume fractions is

Vr+Vm=1 (3.145)
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Weight Fractions:

Assuming that the composite material consists of fibers and matrix material, the weight of the

composite material is equal to the sum of the weight of the fibers and the weight of the matrix.
Therefore,

We = Wy + Wy (3.146)
where, w, - weight of composite material

w, - weight of fiber

w,, - weight of matrix

The weight fractions (mass fractions) of the fiber and the matrix are defined as

W =
W and (3.147)
Wiy = =2
We (3.148)
such that the sum of weight fractions is
Wi+ Wy, =1 (3.149)

Density:

The density of composite material can be defined as the ratio of weight of the composite

material to the volume of the composite material and is expressed as
Wi
Pe =
Yo (3.150)
W

but, e = ¥ + ¥m and T , therefore the above equation can be rewritten as

We Wi Wi,

- =T (3.151)
pc pf pm

W, o Wi W

pc pf pm

— = T = (3.152)
pc pf Wc pm Wc
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By writing in terms of weight fractions,

1 W, w,
— =—+— (3.153)
pc pf pm

- = + o

Pe PF Pm

The density of the composite material in terms of weight fractions can be written as
pe = 1
‘ (ﬂ n Wi )
Ps Pm (3.154)
pe = 1
Y . (E)
N o (3.155)
Moreover, the equation W, = W, + W, ingeneral, can be rewritten as

Vs Vs
Pe=Pi| — |TPn| — (3.156)
VC VC

writing in terms of volume fractions, the density of the composite material is written as

Pe=PtVi+ PV (3.157)
In general,
n
Pec= Z PiVi
i=1 (3.158)

Void Content:

During the incorporation of fibers into the matrix or during the manufacturing of laminates,
air or other volatiles may be trapped in the material. The trapped air or volatiles exist in the
laminate as micro voids, which may significantly affect some of its mechanical properties. A high

void content (over 5% by volume) usually leads to lower fatigue resistance, greater susceptibility
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to water diffusion, and increased variation (scatter) in mechanical properties. The void content in a
composite laminate can be estimated by comparing the theoretical density with its actual density.

vV, . = [M}QOO (3.159)

void
Pt

where,  pct - theoretical density of the composite material

pee - €Xperimental density of the composite material

Determination of Longitudinal Modulus:

Consider a unidirectional composite specimen as shown in Fig.3.22.
The following assumptions are made to get the basic properties:
(i) Fibers are uniform in properties and diameter.
(ii) Fibers are continuous and parallel throughout the composites.
(iii) There is a perfect bonding between the fibers and the matrix.

(iv) Strains experienced by the fiber, matrix and composites are equal. i.e.
E. =& =&,

where, ¢.,&, and ¢, are the longitudinal strains in fibers, matrix, and composite

respectively. This condition is called iso-strain condition.

—> P;

Pm

Figure 3.22 Model for longitudinal behaviour of composite material

Let, the composite be applied by a load P, which is shared between the fibers and the matrix so
that
R=P+P, (3.160)

The corresponding stress relation is

Cl't-_*ilt- = JJF_-‘:].JF + Cl'm_ﬂlm (3.161)
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Further its behaviour is assumed to be linearly elastic, and hence the modulus and stress are

related. Thus,

E,:- Ef":]'t' = EJFEJ-F_":].JF + En:fﬂ:.qn: (3162)

grA S
Ef: EF( .IF .IF)+ E:I".‘: (E‘.n. .|.)
N eA geAe (3.163)

But, for parallel fibers the area fraction is same as the volume fraction. Thus,

Et': .EJ-FI-":'F + EZ"?!I’E.T‘?! (3.164)
The relationship of this form is known as Rule or Law of Mixtures
E.=E/V;+E,(1-V) (3.165)

In general

n
Ec= ) EV,
i=1 (3.166)

Longitudinal strength:

The load is shared by the fibers and the matrix.

P.= P; + By (3.167)
Thus,
gede = 0rAf + OmAm (3.168)
A A
.= Gf (q—f) + Om (4_.;) (3.169)
ge= G§Vi + O,V (3170)
0.= Vs + 0 (1 — V) (3.171)

Load carrying capacity of fibers:
The strains experienced by the composites, fibers and the matrix are equal. Thus,

Ec= Ef = Em (3.172)
T Of Tm
Ec B Em (3.173)
af E- o Er
_-I = 4 _-I = _-I
Tm  Em and o Eg (3.174)
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| E}.— E'JF | pul F
.PJ-F grd ¢ Ac EeVs
F, B OmAn (EmEm)Am EpVm
Ac (3.175)
.PJF Of A
F.  gfds+ o4, (3.176)
P}_. _ CI:IF_";]-JF E _ C':IF L’}'
F. il U:f-’:lf - Uﬂ:-qn:} ':-’EFT":F T OmVm
Ac (3177)
'P_.F .E:FE'JF.["':F
F.  EreeVe + Epyep Vi (3.178)
P.  E/V; - E,V, (3.179)
Er
»__E,
P E  Vy
or, En Vi (3.180)

Thus, the load sharing of the fibers depend on the modulus values and the volume fractions of fiber
and matrix.
Determination of Transverse Modulus:
Consider unidirectional composites. The following assumptions are made
(i) Fibers are uniform in properties and diameter.

(ii) Fibers are continuous and parallel throughout the composite.

(iii) There is a perfect bonding between the fibers and the matrix.

(iv)The fibers and the matrix are made up of layers and each layer will carry the

same load. Therefore the fiber and matrix layers will experience equal

stress. i.e.

0= OF = O (3.181)

where, Tc-0r.and o, gre the stresses in the composites, fibers and matrix

respectively, in the loading direction ( transverse direction).

(v) the thickness of the composite material is equal to the sum of the thickness
of fibers and matrix. i.e.

L=t +1im (3.182)
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where, t_,t,, and t are the thicknesses of composites, fibers, and matrix

y Lo

respectively

Let, the load be applied in the transverse direction, i.e. the direction perpendicular to the parallel

tretee

fibers.

»

Matrix

< Fibers

RN

Figure 3.23 Model for transverse behaviour of composite material

Under the applied transverse load, the elongation of composite material &. in the direction of the

load is the sum of the fiber elongation and the matrix elongation. i.e.

Oe=0f +dm (3.183)
where, 6, ,J,, and &, are the elongations of composite, fibers, and
matrix respectively
but, strain, €=0/t, (3.184)
and it gives d=¢g*t (3.185)
therefore, the above equation can be rewritten as

Eqte = E‘JFI'JF+E'm tm (3.186)

(t;) o
Ep= E_IF = + i (_')
tc € (3.187)

Ep= E'J-F I-:F t+Em I«’rm

I Gy Imy
E. Ef ' Eyn " (3.188)
but, Oc= 0f = Im (3.189)
therefore,
1 Vr Uy
Ecr Ef ¥ Em (3.100)
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E, *E,
T = EV +EV, (3.191)
1
or Eq = v (3.192)
Z?:lil
E

Exercise Problems:

1) Find the weight fraction and volume fraction of fibers in the glass/epoxy composites . The following
data is obtained from the burnout test.

weight of the empty crucible = 46.5401 gm

weight of crucible and composite piece = 49.1201 gm

weight of crucible and glass fiber = 48.3420 gm.

The density of glass fiber is 2600 kg/m *

and 1300 kg/m ®

2.) Calculate the ratio of fiber stress to matrix stress and matrix stress to composite stress for V¢ = 15%,
30 %, 45 % and 70 %. Take E; =250 G Pa and E;, = 15 G Pa.

References:
1) "Analysis and Performance of Fiber composites”, BD Agarwal, L J Broughtman and K
Chandrashekhara, John Wiley and sons.

2) " Principles of Composite Material Mechanics, Ronald R Gibson, CRC Press.
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Lecture 20 Short fibers
Theories of stress transfer in short fibers:

Tensile load applied to a discontinuous fiber lamina is transferred to the fibers by a
shearing mechanism between fibers and matrix. Since, the matrix has low modulus, the
longitudinal strain in the matrix is higher than that in the adjacent fibers. If a perfect bond is
assumed between the two constituents, the difference in longitudinal strains creates a shear stress
distribution across the fiber—matrix interface. Ignoring the stress transfer at the fiber end cross
sections and the interaction between the neighboring fibers, we can calculate the normal stress

distribution in a discontinuous fiber by a simple force equilibrium analysis.

11t 1 Y
iitudinal

Lon

1t
-4
L g
qu-
—
=,
b |

Figure 3.24 stress distribution on short fiber
Consider an infinitesimal length dx at a distance x from one of the fiber ends. The force
equilibrium equation for this length is

(mr3)ar + (2mr dz)r = (mr3)of + doy) (3.193)

which on simplification gives

dos 2T

Z r (3.194)

where,

o is the fiber stress in the axial direction

1 is the shear stress on the cylindrical fiber-matrix interface

r is the fiber radius
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2 2

Of =0 +=| Tdz
Tdo (3.195)

where, o, is the stress on the fiber end. In many analyses o, is neglected because of yielding of

the matrix adjacent to the fiber end or separation of the fiber end from the matrix as a result of

large stress concentrations. Therefore,

2 z
- _([ - ( )

: : _— : I
The maximum fiber stress occurs at the midfiber length: t-€-- at z = >

Tl

LOf dmax —
(3.197)

Based on the assumption that the strains in fibers, matrix and composite are equal, the maximum

fiber stress (o, ) s limited as given below.

£ =& (3.198)

= (3.199)

(O-f )max =7 % (3.200)

The minimum fiber length may be defined as a load-transfer length in which the maximum fiber

stress, o .. can be achieved on the application of the external load, o, .

E,/(E, )oc’
The minimum fiber length, |, = Gf’fm“%:( f (2;) ) (3.201)

where, ‘d’ is the diameter of the fiber
The critical fiber length may be defined as the minimum fiber length in which the maximum

allowable fiber stress or the fiber ultimate strength, o, can be achieved.

e o;ud
The critical fiber length, |, = > (3.202)
T

Thus the minimum fiber length, I;, is based on the applied stress, ., whereas the critical fiber

length, I, is independent of applied stress, o..
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Increasing o.
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Figure 3.25a stress on short fiber
Fiber tensile strength (oy,)

Figure 3.25b Variations of fiber stress for different fiber lengths

From the figure 3.25, the following points are deduced.

(i) For l¢ < I, the maximum fiber stress may never reach the ultimate fiber strength. In this
case, either the fiber—matrix interfacial bond or the matrix may fail before fibers achieve their
ultimate strength.

(ii) For l¢ > I, the maximum fiber stress may reach the ultimate fiber strength over much of
its length. However, over a distance equal to I /2 from each end, the fiber remains less effective.

(iii) For effective fiber reinforcement, that is, for using the fiber to its ultimate strength, one
must select I >>I..

(iv) For a given fiber diameter and strength, I can be controlled by increasing or decreasing
1. For example, a matrix-compatible coupling agent may increase t, which in turn decreases lc. If I
can be reduced relative to I through proper fiber surface treatments, effective reinforcement can be

achieved without changing the fiber length.
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Prediction of Modulus of short fibers:
The Halpin-Tsai equations provide the way to calculate various moduli of aligned short-

fiber composites.

_’_‘

Figure 3.26 Model of an aligned short-fiber compsite

I
1+2£df] n.V,
E = f E
L 1— 77|_Vf m (13.203)
1+2n, V,
T = EEv E. (3.204)
1+n, VY,
=——G
LT 1_776 Vf m (13.205)
vir =Vevi+Vv, (3.206)
where,
E, /E, -1
=—F— 3.207
uyn E, |f ( )
7+2 _
Em df
E,/E -1
= E /E, 12 (3.208)
G, /G, -1
= (3.209)

T =G, 1G, +1
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The short fiber composite with random orientation produces the composite with isotropic
behaviour in a plane. To predict the elastic moduli of such randomly oriented composites, the

empirical formulae given below are used.

3 5
Erandom = g EL +§ ET (3.210)
1 1
Grandom = g EL + Z ET (3.211)
_ Erandam -1
“random T
Gmndam (3.212)

Lecture 21 and 22

Problems (Module I11):

Problem 3.1: Calculate the fraction of load carried by the fibers of glass-epoxy composites with
30% fibers by volume. Elastic moduli of glass fibers and epoxy resin are 70 and 3.5 GPa

respectively.
Solution:

The formula for the load shared by fibers is given by,

—_— = (3.213)
R
LEf = 7{\/”‘]}
Vf

Vs (given) =0.30

Vi =1-V¢=1-0.30
=0.70
Es (given) =70 GPa
Em(given)  =3.5GPa
P 70/3.5

L = (3.214)

P, (70/35+(0.7/0.3))

c
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=0.90

Therefore, the fiber carries 90 % of the total load applied to the composite. If the volume fraction
of fiber is increased, then the composite will carry more load. But, there is a limit for the maximum
volume fraction of fiber, practically around 70%. If the volume fraction of fiber is more, then the

entire fibers could not be wetted properly due to less amount of matrix.

Problem 3.2 : Calculate the elastic constants for the composite that consists of randomly
distributed short glass fibers 60% by weight. The diameter and the length of the fiber used are 2.5
mm and 25 mm respectively. The Epoxy resin is used as matrix. Assume the necessary data if not

given.
Solution:

As the fibers are short and distributed randomly, the Halpin-Tsai equations will be used to

determine the young's modulus, shear modulus and Poisson's ratio.

Data given
Es =70 GPa (assumed)
En  =3.5GPa (assumed)
p,  =2.5g/lcm’ (assumed)
pm =12 glcm® (assumed)
It =25 mm (given)
ds = 2.5 mm (given)
Ws = 0.60 (given)

The equations used for determining young's modulus for a unidirectional lamina is given by

1+2(1, /d, )m V, .
11— 1_77va m

(3.215)

_Le2mV,

= 3.216
22 1_77T Vf m ( )
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Therefore, it is necessary to calculate the volume fraction of fibers, V¢, the coefficients n_and nr.
Wf

P

Wn =1-Ws =1-0.60 (3.218)
=0.40

V, = (3217)

0.6

(3.219)

(3.220)

(3.221)

Therefore,

1+2(25/2.5)%0.475%0.42
= *3

5
" 1-0.475%0.42 (3222)

=21.82 GPa

1+2+0.864+0.42
= +3.5
1-0.864+0.42

=9.48 GPa

(3.223)
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The equations of elastic constants for randomly oriented short fibers are given by:

3 5
Erandom = g Ell +§ E22 (3.224)
1 1
Grandom = g Ell +— E22 (3.225)
E
Viandom = zgﬂ—l (3.226)
random
Therefore,
E\andom = g* 21.82+§*9.48 (3.227)
=14.11 GPa
Grandom = %* 2182+%*948 (3.228)
=5.10 GPa
14.11
Vrandom = m_l (3.229)
=0.383

Problem 3.3 : Calculate the strains in the xy directions for the composite subjected to the loading
as shown in the figure. The composite is made of boron-epoxy. Take the data given for Q°

unidirectional E-glass-epoxy as:
Ei11 = 200 GPg; Ez, = 20 GPa;

G2 =6.5 GPa; vy, =0.2;
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oy, = 50 MPa oy, = 50 MPa

1 "
%

G4 = 100 MPa < > 6, = 100 MPa <+—— > 6, =100 MPa

2

o,, = 50 MPa 6,, = 50 MPa
case (a) case (b)
Solution:
case (a): It is a 0° unidirectional composite. Therefore, it is a specially orthotropic lamina.

The strains experienced by the composite are given by,

o (o2
— _ Oxx Wy
Exx = &1 = E —Va E (3.230)
11 22
(o} o
XX
Ey = & E Vi E (3.231)
22 11
T
_ _ _ Xy
7xy _7yx =12 =Vn G (3.232)

Data given:
oxx = 100 MPa (3.233)
oyy = - 50 MPa (Compression) (3.234)
Ty = 0

v21 may be calculated from,

E22
V.. =y, —2 (3.235)
21 12 E:L1
v, =0.2 £ 20
200
= 0.02
17

Dept. of Aerospace Engg., Indian Institute of Technology, Madras



COMPOSITE MATERIALS PROF. R. VELMURUGAN

100x10°° —50x107
Therefore, =—— 002%——— ,
“ = 700 20 (32%9)
= 0.55x 107
-50x107° 100x10°°
Ey = T—O.Z*W (3.237)
= -2.6x10°
, 0
=— (3.238)
o GlZ
=0

case (b): It is a 45° unidirectional composite loaded in the x and y direction, not along the
principal material directions. Therefore, it is a generally orthotropic case.

The elastic constants are calculated first using,

- W

1 cos*d + sin* & N 1( 1 2vir ) cin? 25
E. E; Er T3\Gr E )T

. L T oLt L (3.239)
1 sin @ + cos* 8 N 1 ( 1 E“z"LTx) inZ 25
- = — —_ o e )
E, E; E 4\ G E;

i L T LT Ly (3.240)
Viy  vpr 1 ( 1 1 2wy 1 ) 5
= S | —— — —— | sin® 26

E; 4\ E; E E; Gy

N L L T L LT, (3.241)
v 1/1 1 2v 1

vE TL LT P

= —=-0_ 4+ + — — | sin? 28

E E 4(5.— E E, G ) st

¥ T \EL T L LT, (3.242)

Therefore, E, =10.34 GPa
Ey =10.34 GPa (3.243)
Vyy = Vyx = 0.26

The coefficients of mutual influence are calculated using,

Ep E; ' Ep Ep’
My = SinEE["ﬁ —=— —— —cos? 5‘(1 + 2yt 5 — = )]

LT ©— - - — =
Er 2G.r _ Er  Gir, 5200
Er  E; ' E; Ep°
My = sin28|vit + — — 5— —S'Eﬂzﬁ'(l— ZvLT——“——“)
- Er 2Gir _ Er Gir, (3245
my=my=4.5
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The strains are calculated using the equations:

a, Ty Tyy
£, = T Vexo T M
E, E, E; (3.246)
P - S
¥ T Ey *¥E, 4By (3.247)
oy = T T O
¥azy Gy *Ep 4 Ep (3.248)
100x10° ~50x10°° 0
g =——-002% ———-m — (3.249)
10.34 10.34 E.
=9.768 x 107
5 = 25007 5, 10007 0
v~ 1034 ° 1034 VE o
=-6.770x 10°
0 100x10° -50x10°°
= — —45% —4.5% ————
Yy G, 10.34 10.34 e
=-43.30x10°

Problem 3.4: Determine the stiffness matrix for an angle-ply graphite-epoxy lamina containing
50% volume of fibers. Take the following engineering constants for the composite. Consider the

fiber orientation angles of both 0° and 45°.

Efr=230GPa En=3.5GPa v=02 vyn=0.3

Solution:
As the engineering constants of the composite are not directly given, they are to be

determined using the rule of mixtures.
V¢ =0.50 (given)
Ec = Eu=EfVi+ En*Vn (3.252)
= 230*0.5 + 3.5%(1 - 0.5)
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=116.75 GPa

E,*E,
E22 = E
¥V, +E, *V,

B 230 = 3.5
"~ 230=(1-—-05)+35=05

=6.90 GPa
Vi, =V ¥V v #V
=02*05+0.3*(1-0.5)
=0.25

E
_ E»
Vo = Vip

Ell

6.90
" 116.75

«=.25

=0.015

PROF. R. VELMURUGAN

(3.253)

(3.254)

( 3.255)

As the values of G and G, are not given, in order to calculate Gy, Gt and Gy, are determined

based isotropic relationship as follows:

230
C2(1+0.2)

=95.83 GPa
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=1.35 GPa

Gf *Gm
Therefore, G, = G,V _+G_*V, (3.258)

B 95.83 = 1.35
© 9583 =(1—0.5)+1.35=05

= 2.66 GPa

Case (a) 0° lamina

As the fiber orientation angle is 0°, it is a specially orthotropic case. Elements of the

stiffness matrix are obtained from,

Q, = E,
1
1-vyvy

(3.259)
116.75
1 — 0.25=0.015
=117.19 GPa
E
sz _ 22

1-vyvy

(3.260)

690
1-0.25 * 0.015

=6.93 GPa

vip By vy By

Q=

- = (3.261)
1-vpvy  1-vvy

_0.25%6.90
1-0.25%0.015
=1.73GPa

Qs =Gy (3.262)
= 2.66 GPa

The stiffness matrix for 0° lamina is given by
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11719 1.73 0
[l=] 173 693 0
0 0 2.661 GPa

The compliance matrix can be obtained by inversing the stiffness matrix,

85 2125 0
[S]=[Q]" =| 2125 14483 0 |x10° GPa-1
0 0 375.94

Case (b) 45° lamina

As the fiber orientation angle is 45°, the lamina will experience the generally orthotropic

behaviour. The elements of the transformed reduced stiffness matrix are obtained as,

Q. = Q;; cos*0+Q,, sin* 0+2(Q,, +2Q,, )sin® Hcos® 0

Q, = Qu5in*0+Q,, cos* 8+2(Q,, +2 Qg )sin® cos? 8

Qu = (Qu +Qz, -4Qg )sin® 0cos’0+Qy, (sin* 0+cos’ 0)

Qi =(Qy1-Qy, -2Qg; )sin O cos? 6-(Q,, -Qy, -2Qgs ) sin® O cos O

Qu6 =(Qu1 - Q1 -2Qg5 )sin® Bcos 0-(Q,, -Q, -2Qg, )sin O cos’

Qg =(Quy +Qz, -2Qy, - 2Qg, )sin? O cos® 0+ Qg (sin 0+cos’ 0) (3.263)

Therefore,
Q, =117.19 * cos’ 45" +6.93sin" 45" +2(1.73+2+2.66)sin” 45 cos’ 45
=34.56 GPa
Q,, =117.19+#sin" 45" +6.93cos * 45" +2(1.73+2%2.66 )sin” 45" cos” 45’
= 34.56 GPa
Q,, = (117.19+6.93—4+2.66)sin’ 45" cos” 45" +1.73(sin" 45" +cos* 45" )

= 29.24 GPa
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Qs = (117.19-1.73—2+%2.66)sin 45" cos” 45°

—(6.93-1.73-2%2.66)sin’ 45° c0s 45°

=27.57 GPa

Qy = (117.19—1.73—2*2.66)sin3 45° cos 45°
—(6.93—-1.73—2%2.66)sin 45° cos’® 45°

=27.57 GPa

Qy = (117.19+6.93—2>1<1.73—2>!<2.66)Sin2 45° cos® 45°

+2.66(sin* 45" +cos* 45" (3.264)
=31.50 GPa

The transformed reduced stiffness matrix for 45° lamina is given by

[0l = |29.24 3456 27.57

[34.56 29.24 2?.5?]
2757 2757 3150 GPa

As expected the stiffness matrix for 45° lamina contains all non-zero elements.

Problem 3.5: Find the stresses and strains in both the principal material directions and the

reference directions (xy) for the lamina shown in the figure. The engineering constants for the
lamina may be taken as:

EL=13.8 GPa Er =3.35GPa Gt =4.12 GPa

v,; =0.36 vy, =0.087
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o, =5 MPa

ox =5 MPa <

» o, =5 MPa

v
Ty = 2 MPa <

o, =5 MPa

Solution:
Data given:
ox =5 MPa
oy =-5MPa
Txy = 2 MPa
The stresses along the principal material directions can be determined using stress

transformation formula given by,

aL cos2d sin?@ 2sinfcosd Ty
}‘-"T % = sin@ cos2@ —2sinfcosd {“}' ]
T —sinfcosf sinfcosf cos?B — sin?8) Txy (3.265)
For 6 =30°
o, 0.75 0.25 0.866 5
o, r=| 025 075 -0.866|< -5
Tir —0.433 0.433 05 2
o, =4.23 MPa
o, =-4.23 MPa
7., =-3.33 MPa
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The strains along the principal material directions can be determined from the strain-stress

relations:
o, o
& =— Vo — (3.266)
L EL TL ET
_ 423 , 423
13.8x10° 3.35x10°
=4.164 x 10™
e IT ., 0L
T~ Er T E; (3.267)
. 423 .. 423
T 335x10°  13.8x10°
=-13.73x 10*
e LLT
AT Gir (3.268)
. -3.33
T 4.12x10°
=-8.083 x 10™

Now, the strains along the xy directions can be calculated from the strain transformation law.

fx cos?6 sin?@ —sinfcosf L
}E!r‘ 1 = sin’@ cos?6 sinfcos8 {ET ]
Yxy 2sinfcosd —2sinfcosf cos6 — sin?@) Wit (3.269)
For 0 = 30°

£ 0.75 025 -0.433] |4.164x10™
g r=| 025 075 0433]:-1373x10"
Yy 0.866 —-0.866 0.5 —-8.083x10™"
g = 3.19x10™

g, = -12.76 x 10"

¥y =11.45x 10
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Problem 3.6: A shear stress 1y, = -15 MPa is applied on a unidirectional angle-ply lamina. The
fibers are at 45° to the x-axis. Calculate the stresses in the principal material directions.

Solution:

As ox = oy = 0, the stress transformation equations become,

o, = 0,008’ 0+0,sin20 +21,,sinHcos o

(3.270)
~o =21, sindcosd (3.271)
= 2x(—15)sin 45" cos 45°
= —15 MPa
o; =0,8in*0 + o, 0520 — 27, Sinfcosd (3272)
nop =—21,, sin@coso (3.273)
= —2%(-15)sin 45" cos 45°
=15 M
7,y = —0,5iN0cosd +o, sinfcosf+z,, (cos20—sin 20) (3.274)
LT = Ty, (C0S20-5in 20) (3.275)

= (~15) (cos90" —sin90")
=15

From the values found, it is clear that the principal material directions will be the principal stress
axes under these loading condition.
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